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I. INTRODUCTION 
A function f(x) is uniformly continuous on an interval 
fa,b] if and only if the first difference f(x + h) - f(x) 
goes to zero uniformly on the interval. Also, if f(x) is 
uniformly continuous on [a,"bj then the second difference 
f(x + h) - 2f(x) + f(x - h) will go to zero uniformly on that 
interval. However, Hamel (4) has shown that if the second 
difference goes to zero uniformly the function need not be 
continuous. Kodres (5) has shown that if the second differ­
ence goes to zero uniformly, then the function is either 
uniformly continuous or non-measurable. 
It follows then that if the condition 
(1.1) If(x + h) - 2f(x) + f(x - h)| ^ C jh( , C >0 
be imposed upon the second difference, the function f is 
either uniformly continuous or non-measurable. The class of 
continuous functions which satisfy (1.1) are called quasi-
smooth functions. The modulus of continuity of quasi-smooth 
functions was investigated by Timan (6) and Zygmund (7). 
Condition 1.1 can be written 
(1.2) |f(* + h) f(x - h) _ f(x)l& ||hj , c>0 . 
Written in this form, -it is seen that the arithmetic mean of 
f(x + h), f(x - h) is compared with f(x). The problem con­
sidered in this thesis is that of studying the behavior of 
2 
functions satisfying 
(1.3) |M[f(x + h), f(x - h)] - f(x)| < C|h| , C >0 
where M is any mean function. 
In Chapter II the mean functions and modulus of continu­
ity are defined and the properties of these functions required 
in this study are given. A generalization of convexity is 
considered and it is shown that if 
(1.4) pf (x + h) + qf(x - h) - f(x) 20 , x + h, x - hg[a,bj , 
P,q,h >0, p + q = 1 , 
then f must be monotone on [a,bj if p / q. 
Timan (6) and Brudnyi (3) have considered the maximum 
modulus of the sub-class of quasi-smooth functions on the 
interval [-l,l] which take on the value zero at + 1 and - 1. 
They have shown that this maximum modulus is less than or 
4 
equal to j. In Chapter III this bound has been slightly 
improved. When the generalized arithmetic mean is applied 
to this class the bound of ^  £ maxfp,qj +2} also estab­
lished in Chapter III. 
In Chapter IV the main results of this thesis are given. 
It is established that when the generalized arithmetic mean 
is applied to the second difference to form a class of 
generalized quasi-smooth functions, then every element of 
this class satisfies a Lipschitz condition. This result is 
then used to establish bounds on the modulus of continuity 
3 
of generalized quasi-smooth functions, that is to say, func­
tions which satisfy 1.3. 
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II. DEFINITIONS AND PRELIMINARIES 
A. The Modulus of Continuity 
Definition 2.1. Let f(x) be a function defined on a finite 
or infinite interval I. Then the modulus of continuity of 
f is defined by the equation 
oXf ,h) = sup |f(xn ) - f(x9)| , x,, xP e I . 
(Xl-Xgl - h 
It is obvious from the definition that uD(f ,h) is a 
monotone function of h. That is to say, if h^< , then 
uû(f jh-j^) ^  u)(f ,h2). The domain of definition of uXf ,h) is 
the interval 0 < h ^  L where L is the length of I and 
lim u?(f,h) = 0 if and only if f is uniformly continuous on 
h —f 0 
I. In addition to these elementary properties of the modulus 
of continuity function we will also use the properties 
described by the following three lemmas (1). 
Lemma P.l. uXf ,mh)^ m uXf,h), where m is a positive integer. 
Proof: The validity of this inequality follows from the fact 
that 
m-1 
f(x + mh) - f(x) = f[x + (k + l)hj - f(x + kh) . 
By use of the triangle inequality we obtain 
|f(x + mh)- .'lf[x+ (k-l)hj - f (x + kh)| 5 m u)(f ,h) . 
k=0 
Hence, 
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uù(f ,mh) = sup (f (x-, ) - f (xP)| ^ m u)(f ,h) . |x1-x2l émh 
Lpmma P.P. If lim = 0, then f is a constant func-
h-*0 n 
tion on I. 
Proof: Let m be any positive integer. Then by Lemma 2.1 it 
follows that 
= u)(f,m hiSBuXf, £) = h % h/m) . 
Therefore, 
uD(f ,h) = lim cO(f ,h)< h lim = 0 . 
m-•'CD m-»°° z 
Since C*)(f ,h) ^0, it follows that uXf ,h) = 0 for all positive 
h. Therefore, f is a constant function. 
Lemma 2.^. Let f be continuous and strictly monotone on 
[a,b], that is to say, if x^^xg, then f (x^) < f (x2) • Then 
vXf ,h) is strictly monotone. 
Proof: Since f is strictly monotone, it follows that 
u)(f ,h) = sup |f (x-,)- f(xp)) = sup [f (x + h) - f (x)] 
Jx1-x2l =h x 
Now suppose h2>h-^. Since u)(f ,h2)^ u>(f ,h^) we must show 
that equality cannot hold. Suppose u)(f,h2) = uD(f,h^). 
Then since f(x + h^) - f(x) is uniformly continuous, there 
exists an x^ such that 
u)(f,h^) = f(x^+ h^) - f(x1Xf(x-L+ h2) - f(x^)^ cO(f,h2) 
This is a contradiction. Hence 
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uXfth^X u)(f,h2) . 
Definition 2.2. If f is defined on I and if there exists 
an M >0 such that 
jf(x^) - f(x2)| ^  M|x1 - x2)^ , x1? x2 t I , 
then f(x) satisfies a Lipschitz condition of order o< on 
I (f £Lipo< ). M is said to be the Lipschitz constant. 
If u)(t) is a monotone, non-decreasing function of t for 
t > 0 and if lim uD(t) = 0, then Hw will denote the class 
t —»0 
of all functions f defined on I satisfying the relation 
|f(x + h) - f(x)| £ M u)(h) 
for some M >0. M is a constant depending only on f. If 
k^(h) 6 U>2(h) for all h, then it is clear that H w2< 
In particular, if u)(h) < Mh* and if f £ Hw , then f £Lip . 
This leads us to consider the following lemma which will be 
used later. 
Lemma 2.4. If u)(f ,h) £ Mh In ^  and if 0 <€.<1, then 
f £Lip(l - € ). 
Proof: Let £ be given such that 0 < € < 1. Since 
Mh In £ < ~ h1'€ 
for all h, it follows that 
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sup If (xn ) - f (Xp)| £ |xrx2|=h , 
sup Jf (x-, ) - f(xP)| |Xl-X2| h^ 
Therefore, 
|f(xx) - f(x2)| < f |Xl - Xgl1'6 
and f £ Lip (l- € ) with Lipschitz constant -g- . This completes 
the proof. 
A generalized mean is defined to be a single valued 
function M(x,y) of two variables x and y (®< ^  x, y £ (3 ) if 
M(x,y) satisfies the following postulates : 
(i) Strictly monotonie: This means that if x<x', then 
M(x,y) < M(x',y) and likewise for y. 
(ii) Continuous: 
(iii) Bisymmetric: This means that 
M [M(X1,X2), M(y1,y2)] = M [ M (x1,y1), M(x2,y2)] . 
(iv) Reflexive: M(x,x) = x. 
(v) Symmetric: M(x,y) = M(y,x) . 
It follows immediately from postulates (i) and (iv) that 
any M(x,y) will have the property that if x«cy, then 
x< M(x,y)c y. 
Aczel (2) has proved that postulates (i) through (v) are 
B. Generalized Means 
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necessary and sufficient conditions for the existence of a 
strictly monotone, continuous function ^(x) (»< ^  x é /? ) by 
which M(x,y) has the form 
M(x,y) = Y-1[T(x) +TW] . 
Further, a necessary and sufficient condition for the func­
tion M(x,y) to satisfy postulates (i) through (iv) is that 
there exists a strictly monotone, continuous function ^ (x) 
(«X < x-é f? ) and a pair of positive numbers p,q such that 
p + q = 1 and by which M(x,y) has the form 
M(x,y) = Y""1 f p T(x) + q Y(y)] . 
The well known arithmetic, geometric and harmonic means 
are means satisfying postulates (i) through (v) and can be 
generated by the functions x, log x, ^  respectively. Non-
symmetric means are referred to as weighted means. The 
weighted arithmetic mean is written Mx(x,y) = px + qy, the 
weighted geometric mean is written M 0^g x(x,y) = xpyq and 
the weighted harmonic mean is written M1yx(x,y) = pyX+ , 
where p + q = 1 and p,q >0 in all these cases. 
The above mentioned examples of mean functions are but 
special cases of a family of means generated by the family 
of functions 
tr(x) = xr , r ^ 0 
yr(x) = log x , r = 0 . 
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Thus, it can be seen that there exists a one to one 
correspondence between the means generated by members of this 
family and the real numbers. 
Definition 2.1. Means that satisfy postulates (i) through 
(v) will be called symmetric means. Those which satisfy 
postulates (i) through (iv) but not (v) will be called non-
symmetric means. 
Definition 2.4. The first difference of a function f at xQ 
is defined to be A(fj xQ, h) = f(xQ + h) - f(xQ). 
Definition 2.5. The second difference of a function f at XQ 
is defined to be A2(f; xQ, h) = f(xQ+ h)- 2f(xQ) + f(xQ- h). 
Definition 2.6. If f satisfies the conditions 
(a) f(x) is continuous for a<x«b , 
(b) |A2(fî XQ, h)| ^  2M|h| , M a fixed constant, 
x0 + h, x0 - h £ [a,b] , 
then f is said to be quasi-smooth. We will use the symbol 
L(a,b)M to denote the class of quasi-smooth functions on the 
interval [a,bj . 
It is the purpose of this thesis to examine a generalized 
form of quasi-smooth functions. This generalized form will 
be one in which the condition (b) of the definition is re­
placed by 
|M.y [f(x + h), f(x - h)J - f(x)| < Mh , h >0 . 
We will denote by Ly(a,b)M this class of generalized quasi-
smooth functions. 
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C. The Generalized Mean Applied to Convex Functions 
Definition 2.6. A real valued function f, defined on the 
interval [a,b] and satisfying 
f(x^) - 2f + f(x2) >0 , x1, x2 £ [a,b] 
is said to be convex. 
Definition 2.7. The generalized second difference of a func­
tion f, defined on the interval [a,bj , is defined to be 
(f;x,h)= M^ ff(x+h), f(x-h)] - f(x), x+h, x-h £ [a,b] . 
Since a convex function f satisfies A (f;x,h) ^  0, we 
can use the generalized second difference to define a new 
type of convexity. 
Definition 2.8. A real valued function f defined on an 
interval [a,b] is said to be convex with respect to My if 
and only if 
zx1 + xP ) 
M «y £f (x-^), f(x2)J — f y 2 J — ® > "*"1 ' x2 £ fa $ b J . 
It is understood that the domain of y includes the range 
of f. 
In this section we will obtain a result concerning 
convex functions with respect to the weighted arithmetic 
mean. This result will be expanded to include any weighted 
mean. 
It is easy to see that for continuous f, 
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f(xx) + f(x2) - 2f (Xl 2 ^  = 0 
if and only if f(x) = Ax + B and 
pf(x-^) + qf(x2) - f (~^~2—"/) " 0 
if f(x) = C. This leads to the question of whether there 
exist non-constant solutions to the functional equation 
(2.1) pf(x)+ qf(y) = f(X 2 y) > P+q = I? P,q >0, x >y. 
Let f be a non-constant solution of 2.1 and let f be 
defined on fa,b] . Let Xq e(a,b). Then for a positive h 
sufficiently small, xQ- 2h, XQ+ 2h £(a,b). Also, 
g(x) = f(x) - f(XQ) is a solution of 2.1. Hence, 
pg(xQ + 2h) + qg(x0 - 2h) =0 
pg(xn + 2h) - g(xn + h) =0 
( 2 . 2 )  
qg(xQ - 2h) - g(xQ - h) = 0 
pg(xQ + h) + qg(xQ- h) = 0 . 
Since there exists a non-trivial solution of this system 
of equations, the determinant of the coefficients 
A = pq(q - p) = 0. Therefore, if 2.1 has a non-constant 
solution, then p = q = 1/2. If p ^ q, then 2.1 has only a 
constant solution. 
Now since there are no non-constant solutions of 2.1 
in the case p ^ q, what types of functions are such that the 
inequality holds? This question is answered by the following 
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theorem. 
Theorem 2.1. If f is continuous on [<* , 0] and if 
/X, +Xp\ 
(2.3) pf(x1) + qf(x2)^f —y, x1>x2, xx, x2 e , 
then f is monotone. 
Proof: Let a,b g ( , (i ), a<b. Then subdivide the interval 
(a,b) by the points a+h, a+2h, a+3h, , a+nh = b and 
let h be such that a-h, b+h £ fc*, (3] . Then, 
pf(a + h) + qf(a - h) :> f(a) 
pf(a + 2h) + qf(a) 2 f(a + h) 
pf(a + 3h) + qf(a + h) > f(a + 2h) 
(2.4) 
pf(b) + qf(b - 2h) > f(b - h) 
pf(b + h) + qf(b - h) >f(b) . 
Addition of these inequalities yields 
qf (a -h)+ qf (a) + pf(b) + pf(b + h) ^ f(a) + f(b) . 
This inequality is equivalent to 
q [f (a - h) - f (a)J + pff(b + h) - f (b)] £ (p - q) [f (a) - f(b)J . 
By continuity of f, for each €>0, h can be made sufficiently 
small so that € ^ (p - q) [f(a) - f(b)J . Therefore, 
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(p - q) [f(a) - f (b)] ^  0 and f is monotone. 
Corollary 2.1. If My is any weighted mean generated by Yi 
and if f is such that My [f(x + h), f(x - h)] > f(x), then 
if Tjf [if(x)] is continuous it will be monotone. 
Proof; Since 1|/,~1£p 'V'lf (x + h)] + q y [f (x - h)]J >. f (x) 
and since IfCt) is strictly monotone, we have 
p 1)f[f(x + h)] + q T[f(x - h)] > ^ (fCx)] . Application 
of the previous theorem yields the desired result. 
If we denote by Cp the class of functions f defined and 
continuous on [a,b] and satisfying 
pf(x + h) + qf(x - h) >f(x), p + q = 1, p, q, h 0 , 
then for p >q, f e Cp implies f is monotone increasing where­
as if pCq, Î£ Cp implies f is monotone decreasing. If 
p = q = 1/2, then f g ^ 1/2 need not imply that f is monotone. 
Therefore, we see that the values of the parameter p are 
critical at 1/2. This unusual property occurs again in the 
consideration of the modulus of continuity of a continuous 
function satisfying the relation 
|pf(x + h) + qf(x - h) - f(x)| < Mh, p + q = 1, p, q, M, h>0. 
14 
III. THE MAXIMUM MODULUS OF QUASI-SMOOTH FUNCTIONS 
A. The Class L*(-l,l)l 
If f(x) 6 L(a,b)M, then clearly g(x) = f(x) + Ax + B, 
where A and B are arbitrary constants, is also an element 
of this class. In particular, consider 
g(x) = f(x) - f(a) - (x - a) [f^) - f(a?j _ 
Then g(x)£ L(a,b)M and further, g(a) = g(b) = 0. Now let 
h(x) 
= brrj g (H"4 x + Hr*) • 
It can easily be verified that h(x)£ L(-l,l)M. Finally, 
let F(x) = ^ h(x). Then (x) e L(-l,l)l. This con­
struction of P(x) from f(x) has been, in effect, a normal­
ization of the class L(a,b)M into the class L(-1,1)1 with 
the additional property that fil) = ^(-1) =0. Let us 
denote this class by the symbol L*(-l,l)l. This class was 
examined by Timan (6) and Brudnyi (3) and it wasseL'.iown that 
(3.1) sup f max |f (x)l j — t . 
f e L*(-l,l)i I -l6xal J * 
It is the purpose of this section to obtain a slight improve­
ment of this bound. 
Consider the function 
I + x , -1 < x^- ^  
(3.2) ^(x) = J ^ , T ^  x ^ t 
3 - - 3 
1 
3 " A » 3 - X , T -ÈX É 1 
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Lemm§_3^1. Let fgL*(-l,l)l. Then |f (x)| ^ (x) for all x£f-l,l]. 
Proof: Let %Q g [g,l] . Then 
|f(l) - 2f(x0) + f(2x0- 1)| ^  2 - 2x0 . 
Therefore, 
if <x0)i * a-a°-
Since f(x) e L*(-l,l)l implies f(-x)g L*(-l,l)l, we obtain 
|f (-XQ)|^ ^  + XQ for XQ £ [-1,- . This completes the proof. 
Lemma 1.2. Let f£L*(-1,1)1 and let -léx^xgél and 
|f(xx)| ^  z^ , |f(x2)/ ^ z2 . Then 
(3.3) |f(x)|^ rx - yy + v (X-Xg) (^) , 
X1 < X é Xj . 
Proof: Consider the function 
,W • > . *?) - HS>-
We note that g(l) = g(-l) =0 and that g is continuous and 
|g(x + h) - 2g(x) + g(x - h)| ^  2h. Therefore, 
g(x) g L*(-l,l)l. By lemma 3.1, |g(x)| £ V^(x) for -l<x«l. 
Hence 
% {f(x)-f(x2)-(x-x2) (f(^ -x| ^j])" - E^ )> x2 
x-^  ^  x  ^ • 
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This inequality can be written in the form 
s? . „.,2,(«a»!a!)| 
Since 
|f(x2> - 4 jz2 * (X-X2) (^)) , 
we obtain the desired result. This completes the proof. 
We now establish bounds on the class L*(-1,1)1 at spe­
cific points in [-1,1] . As has been pointed out earlier, 
if f(x)£ L*(-l,l)l, then f(-x)e L*(-l,1)1. Hence, if it is 
established that 
f g L*?-l,l)l |f(X0>l - Z° ' 
then it is clear that 
feL^l,l)l 'f(-X0)| 5 Z° ' 
It is for this reason that we need only to consider a bound 
on f(x) for O^x^l. 
By letting x = 0, h = 1 in 
(2.4) I f(x + h) - 2f(x) + f(x - h)| ^  2h 
we obtain /f(0)J ^  1. Then by letting x = h = •£ in 2.4 we 
obtain Jf (£)| ^ 1. Similarly, we obtain |f (l/4)j<? 5/4, 
|f (1/8)/ ^  5/4, |f (3/8)) ^ 5/4. 
Now let f be any element of L*(-1,1)1. 
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It follows from 2.4 that 
If (I) - 2f(0) + f (- \)\é\ 
|r (l) - 2f(^) + f (-
I f(lf) " 2t(^) + f (0) I - 12 
| f(^ ) - 2f (|) + f (I) | £ ji . 
Hence, by use of the triangle inequality, 
|9f(|)l = |f$ - 2f(°) - f(- i) - f(l) - 2f(l|) - f(- 5) 
- 
2f(ïf) + - 2f(0) - - 8fft) - Wïï) 
+ 4f(0) + 4f(g)| ^ 3+^  + ^  + 3+ 4 |f(0)| + 4 j f (g)! 
<j + 4 + 5= ^  . 
Therefore j f (&)l - 27 ' 
Similarly, 
|5f(^ )| = I f(^ ) - 2f(0) + f(- j) - 1(1) + 2f(|) 
- f (- I) - 2f(|) + 4f (|) - 2f(0) + 4f(0)| 
<|f(|) - 2f(0) + f(- |)|+ |f(l) - 2f(|) + f (- ^ 1 
+ 2 I f(|) - 2f(|) + f (0)| + 4 I f(0)| ^ | +  + +^ lt=2| 
Therefore If ^ )| ^  • 
By a proper combination of the inequalities 
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if© - 2f(y + f(|) 1*1 
|f(|) - 2f(0) + f(-
11 ("J)~2f ("3) - f(- I)'-3 
|f(l) - 2f(l) + f (- 1)|«| , 
the inequality |f(j]|^ ^  can be obtained. Finally, the 
inequalities 
i f  (2) - 2 1  (10) +  f  (ïè) I -1 
|f (ji) - 2f (0) + f(-
lf (- ïè) •2f (• ïo)+ f (-1)1 -1 
I f (1) - 2f (g§) + f (-
I f (20) - 2f (ïo) + f ib) I — 10 
yield the inequality Jf(îo)l ~ 10 " 
By use of Lemma 3.2 and the fact that |f (g)| - 2^7 » 
~ 2§ » we obtain 
lf(x)|-£o fi(60x - 11) + §§ + (x - ^ )( - %§) , £ - x- \ * 
The right hand side of this inequality has a maximum when 
60x - 11 = j . Therefore, 
lf(x)| - 5o* 5 + H + (4 " l)( " tf) = loaf' I 4 x - I • 
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In a similar manner the bounds 
I f (x)l 
- I B .  
lf(x)l 
- 300 . ^ X t 
If (x)/ 
" E ' J S X « 
Jf(x)| To - x -
| f (x)| 35 
- 2? ' 
^ < X  ^  
b 
Ï0 
1 
3 
can be obtained. 
Since /f(x)/ ^ ^ f^(4x - l) for 0 x ^  ^ and since 
|f (x)| ^  ^  for g" t= % - it follows that |f (x)( ^  ^  for 
- 1 - x ^  1. 
B. The Class L *(-l,l)l 
In this section the class of continuous f on [ -1, l] 
which satisfy the conditions 
(3-5) f(l) = f(-l) = 0 
(3.6) J pf (x + h) + qf (x - h) - f(x)j ^  h, p, q, h >0, p+q=l 
is considered. This class will be denoted by L *(-l,l)l. 
The class considered in the previous section was L^. (-1,1)1. 
Theorem 1.1. Let K = sup fmax |f(x)|f . 
f £ Lp(-1,1)1 j 
Then K £ j j max fp,q] + = ^[l + |p - || J . 
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Proof: Take f(x) C L *(-1,1)1 and let max f(x) = f(XQ)= K-6, 
—l^x<l 
€>0. Let x1<x2<x^ <xn be the points in [-1,1] at 
which f(x) = L, where 0<L-<K - € . Then there exists two 
points xi? xi+1 such that x^s xQ s x +^1. Now consider the 
function 
(3-7) Y(x) = Xl+i! Xl{f[Xl+12 Xl * + XlJ * L} • 
Then y(l) = fi-l) = 0 and for h >0, 
|p Y(x + h) + q Y<x - h) - Y(x)| ^  h, -léxfl . 
Therefore lf(x) tLp*(-l,l)l. Hence, 
max ^(x) = 2 $ max f(x)- l! 
-1 < x * 1 i+l~ i (. -1 é x é 1 ) 
=  v ^ r ï K -  « - * } " •  
Therefore, 
<3-8) K ' ^ V • 
Now let x = 0, h = 1 in 3.6 to obtain |f (0)| ^ 1. Set 
x = I*, h = ^  in 3.6 to obtain |f (^)[ £ q + and set x = -
h = ^  in 3.6 to obtain |f(- ?j-)| £ p + ij-. Hence, if in 3*8, 
L = max [p,q] + ^  , then xi+1~ x± ^ ^  and 
î ^ L l i l i î . | [ P f ï l  + i  +  6 ] .  
2 
" 2 
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Since € was arbitrary, it follows that 
K é ^  [max [p,q] + 
This completes the proof. 
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IV. THE MODULUS OF CONTINUITY OF A GENERALIZED 
QUASI-SMOOTH FUNCTION 
A. The Weighted Arithmetic Mean 
Let f be defined on [a,b] and satisfy the condition 
that 
(4.1) jf(x + h) - f(x)j £ M|hi , x+h, x £ [a,b] , M> 0. 
Then by use of the triangle inequality, it follows that 
(4.2) |f(x + h) - 2f(x) + f(x - h)| ^  2M|h| , x+h, x-h £ fa,b] . 
However, if 4.2 is satisfied for all x in the interval 
this need not imply that 4.1 holds. Hamel (4) has constructed 
a function which satisfies 
|f(x + h) - 2f(x) + f(x - h)l ; 0 
but which is non-measurable. Kodres (5) has shown that if 
4.2 holds, then either f is uniformly continuous or non-
measurable. The question arises as to what can be said about 
the class of continuous functions which satisfies 4.2, that 
is, the class of quasi-smooth functions. This question was 
answered by Timan (6) and it was shown that 
u)(h) = sup u)(f ,h) = T-ëp h log r- + 0(h) . 
f g L(a,b)M 
Now the question arises as to the possibility of obtain­
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ing a bound on the modulus of continuity of a continuous 
function f which satisfies the condition 
(4.3) |My [f(x + h), f(x - h)] - f(x)| £ Mh . 
In other words, for what types of means can we obtain 
a bound on the modulus of continuity of a generalized quasi-
smooth function? This question is partially answered in this 
chapter. We begin by letting My be the weighted arithmetic 
mean. 
Let Lp(a,b)M be the class of functions f which satisfy 
(4.4) f is continuous on [a,b] 
(4.5) jpf(x + h) + qf(x - h) - f(x)| ^  Mh, p + q = 1, M,h,p,q>0. 
We will assume in this section that p ^ 2 . other 
words, we are using the non-symmetric mean. 
Theorem 4.1. If fgLp(a,b)M, p  ^^  , then 
Mh 
uXh) = 
rfyS,wii,*f'h) = lp " ql 
Proof: Let x-L< x2, x^, x2 £ la,b] . Since f(x) is continu­
ous on [a,bj , it is uniformly continuous on [a,b] . Hence, 
let £ >0 be given. Then there exists a 5 > 0 such that 
|f(x) - f(x')/<€ whenever |x - x'|< 5 . Choose n, a positive 
xp - x, 
integer, such that = h' < 6 . Then 
- Mh' •£ pf(%2) - f(x2~ h') + qf(x2- 2h') - Mh' 
2b 
- Mh' ^  pf(x2 - h1) - f(x2 - 2h') + qf(x2 - 3h') 6 Mh' 
- Mh' ^  pf(x2 - 2h' ) - f(x2 - 3h') + qf(x2 - 4h') — Mh' 
- Mh' ^  pf(x^ + 3h') - f(x^ + 2h') + qf(x^ + h') ^  Mh' 
- Mh1 ^  pf(x^ + 2h') - f(x^ + hr) + qf(x^) - Mh' . 
Addition of these inequalities yields 
-(n-2)Mh'6pf(x2) + (p-l)f(x2-h*)+ qf(x^)+ (q-l)f(x^+h1) 
^(n-2)Mh' . 
Since p + q =1, this inequality can be written 
|pf(x2) - qf(x2- h') + qf(x^)- pf (x^ + h')| •<£ (n - 2)Mh' . 
By use of this inequality and the triangle inequality we note 
that 
|q-p| • |f(xi)- f(x2)| = |qf(x^ )- pf(xj)- qf(x2) + pf(x2)j 
=jpf(x2)- qf(x2-h')+ qf(x^)- pf(x^+ h')+ qf(x2-h*) 
- qf(xg) + pf(x-j, + h1 ) - pf(Xl)| 
s|pf(x2) - qf(x2- h') + qfCxj)- pf(xj+ h')| + q|f(x2-h') 
- f (x2)| + p | f(x^  + h' ) - f (x-L)I 
25 
< (n - 2)Mh' + q€ + pe = (n - 2)Mh' + 6 £ M|x2- x-J + € 
Therefore, 
M |xp- x,| 
|f(X2> - ^ |p - q| 
and 
u)(f,h) = sup )f(xp) 
|x2-Xil -é h 
Now consider the function 
g(x) = |q^  p| ' a é x 5 b . 
Then 
|pg(x + h) - g(x) + qg(x - h)| = Mh , 
g(x) is continuous and hence g(x)g Lp(a,b)M. Also, 
|g(Xl) - g(xa)| = {qX. p2|' 
and hence, 
,Xl.x^h |8(X^  - g<X2)| eA-
Therefore, 
uXh) = sup T sup |f(x2)- f(x2)|) = • ^  » • 
f£ Lp(a,b)M L |x1-x2j 5 h  ^ J |q p' 
This completes the proof. 
We see from Theorem 4.1 that if f % Lp(a,b)M, p t \ >> 
- « -ftr • 
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M then f £ Lip 1 with Lipschitz constant, |J""T~q| • However, if 
f g L^(a,b)M then it follows from Lemma 1.4 that f e Lip(l- 6) 
for any € such that 0 < feci. For each real number 
p £(0,1) there corresponds a class Lp(a,b)M and the behavior 
of the modulus of continuity is radically different for the 
class L^(a,b)M than that of the class L%,£ (a,b)M. In other 
words, the parameter p is critical at 1/2. We have observed 
this unusual property previously with regard to convex func­
tions. 
B. Non-Symmetric Means 
Let My be a non-symmetric mean generated by 'Xj/'Ct), 
o( ^  t</? . That is to say, 
My(x,y) = y"1[pY(x)+ qY(y)] , p / q, p + q = 1, p,q>0, 
where 'VjZ'(t) is strictly monotone and continuous for <K*t£B . 
Let Ly(a,b)M be the class of functions f which satisfy 
(4.6) if x £ [a,b] , then f (x) g {°<, 6) 
(4.7) f is continuous on [a,b] 
(4.8) |ky[f(x+h), f(x-h)] - f (x)| < Mh, h >0, x+h, x-h £ [a,b] . 
It is the purpose of this section to obtain a bound on 
the modulus of continuity of any f e L y(a,b)M under suitable 
restrictions upon Y. 
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First we note from Lemma 1.2 that if lim = o, 
h-»0 n 
then Y is a constant function on [°<, 0] . Therefore, since 
Y is strictly monotone, it is clear that lim > 0. 
h-»0 n 
It will be necessary to further restrict this limit to be 
finite. 
Lemma 4.1. If f fiLUa,b)M and if lim = C * CD , 
ti —^  0 
then u)(Yf,h) ^  |q^-^p| where l|/*f means y[f(x)J . 
Proof: Let f £ L ^  (a,b)M. Then by 4.8, 
f (x) - Mh ^  M y[f (x + h), f(x - h)J ié f (x) + Mh, h > 0 . 
Since if is strictly monotone, 
(4.9) Y[f (x) - Mh] ^  p ij/'ff (x+h)] + q Y [f(x-h)]6^^(x) + Mh] . 
We now observe that 
(4.10) |Yff(x) + Mh] - yff(x)]U Mh) 
and 
(4.11) jy^ftCx) - Mh] - Yff(x)]| ^  (T, Mh). 
From 4.10 we obtain 
(4.12) VTf(x) + Mh] ë u?(Y, Mh) + 
and from 4.11 we obtain 
(4.13) y[f(x) - Mh] > - u>(V, Mh) + Yff(x)] . 
Inequality 4.9 together with 4.12 and 4.13 yield 
28 
(4.14) |p Y|f(x + h)] + q Ytf(x - h)] - Y[f(x)]a "XY, Mh). 
Since Yf is continuous on [a,b] , it is uniformly 
continuous there. Let €>0 be given. Then there exists a 
S  > 0  such that j Ylf(x)] - Y [f (x1 )])whenever |x- x'K 6 • 
xl~ x2 Let x1<x2, x1? x2 £ [a,b] and let h1 = — , n a positive 
integer such that h'< & . Then by use of 4.14 we obtain 
-cJ(Y,Mh')6p Yff(X]+2h')] + qYff( x1 )] -Yff^+h' j&^(Y,Mh' ) 
- U(Y ,Mh' )6 p Y[f(x^ +3h')] + qYff(x1+h' )] -Yff (x^ h* )>u>(y,Mh' ) 
-uXY ,Mh')^ p YtfCx^ h')] + qY[f(x1+2h'3-Yff(x1+3h'^ u)(Y,Mh') 
-W(Y,Mh')^ pt[f(x2- h')] + qY[f(x2-3h'^Yrf(x2-2h'3^^Y,Mh') 
-uXY ,Mh')^p Y[f( x2 ) ] + qY[f(x2-2h'3-Tff(x2- h'W(Y,Mh'). 
Addition of these inequalities yields 
-(n-2)uJ(T,Mh')^ qftf^)] - pYfr^i + h')] + pY[f(x2)] 
- qY[f(x2- h')) ^  (n - 2) U)(T, Mh'). 
We can write this inequality in the form 
(4.15) |q YffCX]^ )] - pT [f(x1+ h')]+ p Y [f(x2)j -qf[f(x2-h! )]) 
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fÇ(n-2)u)(Y,Mh') = (n-2)h'M ^ M )x2- xj 
Now by use of the triangle inequality and 4.15 we obtain, 
|q-p| • |Y[f(x1)] - Yff(x2)]| - |qT[f(x^ )] - pY[f(x1)] 
- qY[f(x23+ pV[f(x2)]| 
= |qYCf (Xj)] - pYfftx-j+h1 )] + pY ff (x2)] - qy[f(x2-h')] 
+ pYffCx1+ h')] - pip [f Cx1)] -qYfr(x2)] + q Y [f (x2-h')]| 
<M|xrx2| + p|#(X]+ h')] -
+ q|Y[f(x2- h»)] - Y [f(x2)]| 
< M \x1-x2\  ^ + pé + qé = M |x1-x2|  ^ ) + £ • 
Therefore, 
irrr^s - T s 
and for h' sufficiently small, ^ is arbitrarily 
near C. Hence, 
. MC |x, - 7L01 
IVfftx^ ] - Vff(x2)]| é [q I p| 
and it follows that 
u)CYf, h)< -
This completes the proof. 
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Thus we see that "Vf satisfies a Lipschitz condition 
MC 
with Lipschitz constant ^ ^ . By the use of this lemma, 
it is possible to make a statement concerning the modulus 
of continuity of f. 
Theorem 4.2. If f£LY(a,b)M and if lim ^ = C<<*> , 
h-+0 n 
then u)(f,h)^ vû-1( Y , |pM_ qj , where the symbol 
,h) means the inverse of u)( Y >h) considered as a 
function of h alone. 
Proof: Consider the function 
k) u)(f ,h) ) = sup IWCzn ) - Y z^p• 
|Z1-Z2| « vû(f,h) 1 T 1 72 
Since Ystrictly increasing, this equation can be written 
u)(Y,U)(f,h)) = sup |Y(Zl ) - Y'CZo )| 
\Zl-Zj = u)(f,h) IT 1 T 2 
= sup {) - Y^zp^ll 
[ Z n - Z A -  sup |f (x-, )-f (x5)| 1 
lx1-x2l < h 
Since g(x,y) = |f(x) - f(y)| is continuous in x and y, there 
exists an x-, * and an x5* such that t sup Jf (x, )- f (x9)| 
J- ^ |xl"x2l-" 
= |f(x^*) - f(x2*)| . Hence 
u><y,o(f,h)) = - wj 
h . 
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Hence, 
uXf,h)^ uo-^Y, 15«L_r 
This completes the proof. 
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